We study the linear heat equation driven by a random noise which admits a covariance measure structure with respect to the time variable and has a spatial covariance given by the Riesz kernel. We focus our attention on the particular case when the noise behaves as a bifractional Brownian motion in time.
We refer to [11] or [10] for the analysis of linear heat and wave equations with fractional noise.
The purpose of this work is to bring a new brick to the theory of linear stochastic heat equation with fractal noises. We actually define mild solution to the heat equation driven by a general noise, not necessarily Gaussian, that admits a covariance measure structure. This basically means that one can define Wiener integrals with respect to such a noise. We first give a condition for the existence of the mild solution.
Then we study in details the case when the noise behaves as a bifractional Brownian motion (bi-fBm). The bifractional Brownian motion represents an extension of the most known fractional Brownian motion, depending on two Hurst parameters. Its stochastic analysis has been the object of several research papers in the last decade. Concerning the heat equation driven by a bifractional noise in time and with spatial covariance given by the Riesz kernel, we give a necessary and sufficient condition for the existence of the solution and we prove the sharp regularity of the sample paths of the solution. Notice that the bifractional Bownian motion includes an interesting particular case, when the product of its Hurst parameters is equal to one half. In this case the bi-fBm has the same regularity and the same self-similarity order as the standard Wiener process, but is neither a semi-martingale nor a Markov process. In this case, we will find the same "iff" condition for the existence of the solution as in the situation when the noise is "white" in time, i.e. it behaves as a Wiener process. This leads to the conclusion that the existence and the regularity of the solution to the heat equation does not depend on the semi-martingale character of the noise, but on the regularity of its trajectories.
Notice that recently, many researchers have attracted the attention to the relationship between the non-integer order differentiation operators (operators of FC) in the modeling generalized functional equations and the respective self-similar processes and their fractal nature, see e.g. [7] .
We organized our paper as follows. In Section 2 we recall the construction of the Wiener integral with respect to stochastic processes with covariance measure structure and in Section 3 we study the linear heat equation driven by a random noise which admits a covariance measure structure with respect to the time variable and has a spatial covariance given by the Riesz kernel. In Section 4, we study in details the particular case of the bifractional noise in time. In this situation we give a necessary and sufficient condition for the existence of the solution and we analyze the regularity of the sample paths of the solution.
Wiener integral with respect to processes
with a covariance measure structure
In [5] , the authors defined Wiener integrals with respect a stochastic process that admit a so-called covariance measure structure. Let us briefly recall the context. Consider a zero mean square integrable process (X t ) t∈ [0,T ] and with covariance function R(t, s) = EX t X s for s, t ∈ [0, T ]. The covariance R defines naturally a finite additive measure μ R := μ on the algebra R of finite disjoint rectangles included in the set [0, T ] 2 by μ(I) = Δ I R, where Δ I R denotes the rectangular increment of R over the rectangle I given by
The process X is said to have a covariance measure structure if μ can be extended to a signed sigma finite measure on B([0, T ] 2 ).
Remark 2.1. An example of processes with covariance measure structure is the set of processes whose covariance satisfies
In this case the measure μ generated by R admits a density with respect to the Lebesque measure on [0, T ] 2 given by
A Wiener integral can be defined with respect to processes with a covariance measure structure. We refer to [5] for details. We only recall here that this Wiener integral is an isometry in the following sense:
for any functions g, h such that
2) where |μ| represents the total variation measure associated to μ.
then the above isometry (2.1) can be written as 
for every s, t ∈ [0, T ]. Then X admits a covariance measure structure on [0, T ] 2 which has a density given by
• if X is a Wiener process, then X defines a covariance measure μ given by μ(du, dv) = δ 0 (u − v)dudv, where δ 0 is the Dirac measure.
The case of the bifractional Brownian motion will be treated in details later in the paper.
The heat equation driven by a noise with covariance measure structure
In this part, we will analyze the existence of the solution to the heat equation driven by a random noise which has a covariance measure structure with respect to its time variable and a spatially correlated covariance.
We will start by describing the spatial covariance of the noise that we will consider later.
The spatial covariance
Let ν be a non-negative tempered measure on R d , i.e. a non-negative measure which satisfies:
Since the integrand is non-increasing in l, we may assume that l ≥ 1 is an integer. Note that 1 + |ξ| 2 behaves like a constant around 0, and like |ξ| 2 at ∞, and hence (3.1) is equivalent to:
Here S(R d ) denotes the Schwarz space on R d and S (R d ) its dual.
Simple properties of the Fourier transform show that (see e.g. [10] ) for any ϕ, ψ ∈ S(R d ),
In this work we will assume that f is the so called Riesz kernel. The Riesz kernel of order α is given by
where
. In this case, the associated measure is
The noise
On a complete probability space (Ω, F, P), we consider a zero-mean
where f is the Riesz kernel given by (3.2) and the covariance R defines a measure in the sense of Section 2.
The canonical Hilbert space associated to the noise W is defined as follows. First, consider E the set of linear combinations of elementary functions
, and H be the Hilbert space defined as the closure of E with respect to the inner product
We have for g, h ∈ H, smooth enough,
(3.4) By a routine extension of the construction described in Section 2, it is possible to define Wiener integrals with respect to the process W whose covariance is given by (3.3) . This Wiener integral will act as an isometry between the Hilbert space H and L 2 (Ω) by
for any function ϕ, ψ such that
Let us consider the linear stochastic heat equation
} is a centered random noise with covariance given by (3.3) and Δ denotes the Laplacian on
We will analyze the existence of a mild solution to (3.6), which is defined in a standard way as follows.
where the above integral is a Wiener integral with respect to the noise W and G is the Green kernel of the heat equation given by 8) then the process u is called the mild solution of the stochastic heat equation (3.6),
Let us first give a necessary condition for the existence of the solution when the driving noise of the heat equation is a stochastic process (not necessarilly Gaussian) with covariance (3.3).
Proposition 3.1. The solution to (3.6) 
exists if and only if for every
P r o o f. Using the isometry formula (3.5), we can write, for every t ∈ [0, T ] and for every 
Using the well-known expression of the Fourier transform of the Green kernel,
and by the change of variables
|ξ| 2 . So, the process u is well-defined if and only if the right-hand side of (3.12) is finite and the conclusion follows. 2
One can compute the time covariance of the solution to (3.6).
Corollary 3.1. Suppose that assumption (3.9) holds. Then the covariance of the process u defined by (3.7) is given by 2 ) then condition (3.9) reduces to (see Remark 2.3) d < 4H + α (see [10] ).
• The time covariance (3.13) of the solution u does not depend on the space variable x ∈ R d .
The case of the bifractional Brownian motion
Here we will study the situation when the time behavior of the driving noise is given by a bifractional Brownian motion. We will first recall the basic properties of this Gaussian process and we will analyze the covariance measure generated by its covariance.
Bifractional Brownian motion
The bifractional Brownian motion (B H,K t) t≥0 is a centered Gaussian process, starting from zero, with covariance
with H ∈ (0, 1) and K ∈ (0, 1].
Clearly B H,1 is a fractional Brownian motion with Hurst parameter H ∈ (0, 1). The bifractional Brownian motion admits the following decomposition (see [6] ). Define, for 0 < K < 1, the process
where (W θ , θ ∈ R + ) is a Wiener process. Then X K is a centered Gaussian process with covariance
where Γ denotes the Gamma function. 
Note that the covariance of the bifractional Brownian motion can be written as 
P r o o f. Let us first remark that
So, by the inequality t 2H + s 2H ≥ 2s H t H we get 
This is immediate, since
is modulo a constant the covariance of the Wiener process (see [5] ). Consequently, it still generates a signed finite measure on [0, T ] 2 . 2
Heat equation with bifractional noise: the existence of the solution
We will analyze in this paragraph the particular case when the temporal covariance of the noise is given by a bifractional Brownian motion. That is, on a complete probability space (Ω, F, P), we consider a zero-mean Gaussian process
where f is the Riesz kernel given by (3.2). We will call this noise "bifractional-colored" because it behaves as a bi-fBm in time and it has a spatial covariance given by the Riesz kernel (3.2) and R H,k denotes the covariance of the bi-fBm given by (4.1).
We will assume throughout the rest of this paper that the product HK, of the parameters H and K, is contained in the interval [1/2, 1).
We introduce now the canonical Hilbert space associated to the noise. Let E be the set of linear combinations of elementary functions
We have noticed that for 2HK ≥ 1 the covariance (4.1) generates a covariance measure. Therefore, one can consider Wiener integrals with respect to the Gaussian noise whose covariance is defined by (4.5). The Wiener integral will be an isometry between the Hilbert space H and L 2 (Ω).
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This isometry can be written as
where μ is the measure generated by the covariance of the bifractional Brownian motion. When 2HK > 1, the measure μ admits a density with respect to the Lebesque measure, which is given by
∂u∂v and then (4.6) becomes
In the case of the bifractional-colored noise, the condition (3.9) given in Proposition 3.1 can be refined and it is also possible to give an "if and only if" condition for the existence of the solution. We will have the following result. P r o o f. Given the different behavior of the measure μ generated by the covariance of the bi-fBm, we consider separately the cases 2HK > 1 and 2HK = 1.
The case 2HK > 1. In this case, both
∂u∂v belong to
and then the measure μ admits a density given by
with c(d, α) appearing in (3.12), then using relation (3.12), the L 2 norm of the solution u(t, x) can be then expressed as, for every x ∈ R d and t
Let us first treat the term denoted by B above. Note that this term is positive. By making the change of variables t − u =ũ, t − v =ṽ, then u = tũ, v = tṽ and finally z = v u in the integral with respect to v, we obtain
So, the term B is finite if and only if d < 4H + α, because the integral
is finite if and only if d < 4HK + α.
Concerning the summand A (which is clearly negative), we have
Let us now conclude on the necessary and sufficient condition for the existence of the solution. Suppose d < 4HK + α. Then both terms A and B are finite, so Eu(t, x) 2 < ∞. Suppose 4HK + α ≤ d. Then, by the above computations, with c 1 and c 2 two positive constants,
which converges to infinity when N → ∞ (above ∼ means that the sides have the same behavior as N → ∞).
The case HK = 1 2 . When 2HK = 1, the covariance of the bifractional Brownian motion can be written as
Then the L 2 norm of the solution reads as follows: for every t, x
Note that the first summand above is always finite for H ∈ (0, 1), K ∈ (0, 1] while the second term is finite if and only if
We conclude that (4.9) holds also in the case 2HK = 1.
The regularity of the solution
Next, our purpose is to give a sharp estimate for the regularity of the solution to the heat equation with bifractional-colored noise. We will prove the following result. 
P r o o f. Let us denote by R u the covariance of the process u with respect to the time variable for fixed
for every s, t ∈ [T 0 , T ]. Recall that this covariance does not depend on the space variable x ∈ R d (see Corollary 3.1).
We have
The function R 1,u appears, modulo a constant, in the study of the heat equation with fractional Brownian noise in time.
The quantity R 1,u (t, t) − 2R 1,u (t, s) + R 1,u (s, s) corresponds to the L 2 norm of the increment of the solution driven by the fractional Brownian motion.
It satisfies (see [8] , [10] )
where c 1 , c 2 are strictly positive constants. From the decomposition of the bifractional Brownian motion (see Proposition 4.1), it is immediate to see that u (s, s) ) coincides, modulo a constant to
12) where X H,K is the Gaussian process defined in Proposition 4.1.
From relations (4.11) and (4.12), we clearly have, for every s, t ∈ [0, T ] and for every x ∈ R,
To obtain the lower bound, it suffices to bound from above the quantity (4.12). This can be written as As in the first case, we prove that the double integral is finite, and again we get the inequality (4.15). 
Using

